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Abstract 
Mathematical proofs are conceptually difficult for many students and the perceived lack of 
relevance in terms of authenticity and practicality may result in feelings of apathy or indifference. 
Providing students with connections and applications of the process of proof-solving can help 
alleviate this problem. This curriculum project includes materials designed to supplement existing 
units on geometric proof. These materials are intended to provide teachers with opportunities for 
students to both frequently practice with components of mathematical literacy relative to proofs 
and to allow multiple opportunities for students to demonstrate growth and evidence of learning. 
Mathematical discourse amongst students is also strongly encouraged and fostered by this content. 
An additional component to the measurement of engagement is the use of a pre- and post-survey 
to be completed by students. These materials are an effective enhancement to curriculum and 
support the aim of improving students’ perspectives and understanding of proofs. 
 
 Keywords: mathematics, proofs, opportunity to learn, engagement, complex task, 
authentic, communication, collaboration 
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Proof in High School Mathematics 
Proofs in mathematics have been an integral part of the high school curriculum since the 
NCTM 1989 Standards. While it is unlikely students will complete a mathematical proof outside 
of school, the logic and thought processes associated with completing proofs can be extrapolated 
to infinite authentic everyday situations. Studies have been conducted regarding the approach to 
teaching mathematical proofs under the lens of communication. It has been shown that grappling 
with mathematics through communication correlates with mathematical reasoning (Jeannotee & 
Kieran, 2017), and reasoning is required for understanding mathematical proof writing. 
Additionally, considering mathematical proof writing as a complex task aids in understanding the 
support needed to learn mathematical proofs in high school. Van Merriënboer, Kester, & Paas 
(2006) defined complex tasks as having many different solutions, real world applications, as taking 
time to master, and as requiring high cognitive load. Thus, considering how to support students 
working collaboratively with others to share ideas and discover alternate paths or different 
sequences may support the ability to write and understand mathematical proofs. 
Much of the literature on this topic focuses on pedagogical strategies used by teachers to 
both promote communication of ideas and encourage higher-order thinking amongst students; 
however, there is only a small set of studies that have explored these relationships thoroughly (van 
Merriënboer et al., 2006; Kilpatrick, Swafford, & Findell, 2001). Furthermore, little research has 
been done connecting these strategies and outcomes to the cognitive and higher-order thinking 
skills which students encounter during their lives. 
Changes in standards, assessments, and methods of teaching mathematics make the task of 
delivering content to students increasingly more difficult as teachers are required to change the 
resources they use and develop new classroom materials. In addition, efforts to reorganize and 
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restructure curriculum to achieve mastery of these new or updated standards has been underway 
for the states that adopted the CCSS Mathematics standards since 2010. As a result, many 
educators are considering different teaching strategies and pedagogical approaches to address 
proofs. Furthermore, broader approaches making connections outside of the mathematical 
classroom have been considered to make content more meaningful to students. 
Significance of Problem 
It has been argued that learning mathematics is a social experience which can have 
significant effects on one’s ability to learn and understand mathematical concepts and make 
connections to other ideas. This notion, supported by several studies (D’Ambrosia, Kastberg, & 
Dos Santos, 2010; Gfeller, 2010; Kilpatrick et al., 2001; van Merriënboer et al., 2006), encourages 
students and teachers to actively engage in meaningful conversation and sharing of ideas during 
the learning process, thereby increasing comprehension, retention, and a student’s “opportunity to 
learn” (Kilpatrick et al., 2001). This viewpoint can provide students additional opportunities to 
actively participate in the classroom and benefit from the collective knowledge of their peers 
during mathematical proof writing. 
Purpose 
 The purpose of this curriculum project is to present ways to teach mathematical proof 
writing in high school geometry that includes social interactions and classroom collaboration. Such 
interactions during learning may offer more relevance to students, which in turn lead them to be 
engaged in learning mathematical content they may have previously shown little interest in 
learning. This study attempts to contribute to the knowledge base by exploring different 
pedagogical approaches in the mathematics classroom and their effect on students’ development 
of logical arguments and communication skills through the teaching of mathematical proofs. 
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Literature Review 
Opportunity to Learn 
 The “opportunity to learn” is defined by Kilpatrick et al. (2001) as “the circumstances that 
allow students to engage in and spend time on academic tasks such as working on problems, 
exploring situations and gathering data, listening to explanations, reading texts, or conjecturing 
and justifying” (pp. 333-334). There are four major factors that help maintain high levels of student 
engagement: choosing tasks that build on students’ prior knowledge, using scaffolding, accurately 
allocating time for tasks, and providing sustained pressure from a teacher on explanation and 
development of meaning (pp. 335-336). 
A student’s opportunity to learn can be affected by anything which a student encounters 
during his/her education. Direct (other students, teachers, and curriculum) and indirect (budgets or 
government policies) factors can have a significant impact on what is “widely considered to be the 
single most important predictor of student achievement” (Kilpatrick et al., 2001, p. 334). 
Complex Task 
Teachers often struggle to incorporate instruction that supports learning for all students in 
heterogeneous classrooms. This challenge has led cognitive load researchers to address the 
“transfer paradox” phenomena. The transfer paradox is defined as “methods that work best for 
reaching specific objectives are not the methods that work best for reaching transfer of learning” 
(van Merriënboer et al., 2006, p. 346). To avoid this phenomenon, it is essential for teachers to 
balance instruction between the interpretation of knowledge and the application of the elements of 
such knowledge. Such instruction can support learning, which can be defined as a permanent 
change in long term memory (Sweller, van Merriënboer, & Paas, 1998; Sweller, & Chandler, 1991; 
RETHINKING PROOFS AND THE OPPORTUNITY TO LEARN 7 
Sweller & Chandler, 1994). Transfer of learning implies the ability to recall and apply what was 
learned in new and different situations. 
A complex task “may have many different solutions, [is] ecologically valid, cannot be 
mastered in a single session and pose[s] a very high load on a learner’s cognitive system” (van 
Merriënboer et al., 2006, p. 346). These qualities define the nature of learning mathematics 
(Schoenfeld, 1992). Complex tasks like proofs often have difficulty reaching both ends of the 
learning spectrum. Van Merriënboer et al. (2006) describe two ways to sequence tasks by element 
interactivity (relationships between elements within a content strand). The part-whole approach, 
where “learners benefit from learning tasks that are sequenced from simple…to complex,” allows 
low-expertise learners to benefit from the slower introduction of elements and their relationships 
(pp. 347-348). The whole-part approach, however, where higher levels of element interactivity 
exist from the beginning, benefits the high-expertise learners. Elements of both approaches are 
included in the chapter on curriculum design. 
Ecologically Valid 
A major concern regarding the lack of student engagement stems from the lack of 
participation in mathematics courses and in mathematics-related careers. Beswick (2010) explains 
that “mathematical ideas in contexts can facilitate the development of understanding them,” 
thereby linking them with other practical uses outside of the curriculum (p. 379). This is important 
for all students, particularly those who are less-motivated than others. While some students are 
“utilitarian” and have their own motivation for achieving mathematical success, others are not; 
“failure to provide these students with a rationale for engaging with the subject results in inequities 
in motivation” (Beswick, 2010, p. 381). 
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Designing curriculum which includes more ecologically valid proofs could help address 
the engagement inequities in classrooms. Despite the many factors that can influence one’s 
opportunity to learn, it is critical to understand that “teachers still have considerable control over 
their students” in this area (Kilpatrick et al., 2001, p. 334). Teachers can select different tasks and 
activities which they feel will have the best impact on student learning. These tasks should build 
upon the prior knowledge of students. The selection and use of these tasks in curriculum design 
are central to student learning, as they shape “not only their opportunity to learn but also their view 
of the subject matter” (Kilpatrick et al., 2001, p. 335). 
NCTM (National Council of Teachers of Mathematics) (1980) recommended that 
“problem solving be the focus of school mathematics,” suggesting the “use of deductive and 
inductive reasoning to draw conclusions about [real-world] relationships, and the geometrical 
notions so useful in representing them” (pp. 1-2). They later said that “sometimes developing a 
proof is a natural way of thinking through a problem” (NCTM, 2000, p. 344). Kilpatrick et al. 
(2001) add that there is growing evidence suggesting students learn best when facing challenges 
involving problem solving and skill building (p. 335). Authentic everyday situations with which 
students could relate (a morning routine, traffic and detours when driving) can be modeled by 
proofs; samples of these are included in the curriculum design chapter. Providing students with 
these connections dispels the typical student misconception described by Schoenfeld (1992) that 
“mathematics learned in school has little or nothing to do with the real world” (p. 69). 
Different Solutions 
A complex task can have numerous solutions or multiple methods to arrive at the same 
solution. While much of the content presented in algebra is often concrete and has a finite set of 
solutions, the need for students to be able to generalize concepts for all possible situations is vital 
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for them to further develop critical thinking skills as they progress through mathematics. Geometry 
proofs often can have multiple sequences to reach a valid conclusion; teachers should consider the 
most effective ways to deliver content to encourage students to be socially active and engaged, 
allowing them opportunities to share and compare the multiple solutions developed by themselves 
and their peers. This also allows students opportunities to justify their solutions to a classmate 
using appropriate mathematical literacy. Paul Ernest, an advocate of the social constructivist 
philosophy of mathematics, describes mathematical proof as “the mechanism that transforms 
individual knowledge…into public knowledge…through shared meanings and acceptable 
mathematical justifications” (as cited in Gfeller, 2010, p. 342).  “Sustained pressure from [the] 
teacher on explanation and development of meaning” through the sharing of ideas is a major factor 
in maintaining high levels of engagement (Kilpatrick et al., 2001, pp. 335-336). Elements of these 
social interactions as a conduit for sharing of ideas are explored in the transition activities and 
alternative summative assessment located in the curriculum design chapter. 
Poses High Load on Learners’ Cognitive System 
“There is growing evidence that students learn best when they are presented with 
academically challenging work that focuses on sense making and problem solving as well as skill 
building” (Kilpatrick et al., 2001, p. 335). The emphasis on proper explanation and justification 
with proofs can pose a high load on a learner’s cognitive system. D’Ambrosia et al. (2010) 
indicated that there exists “a need for teachers to spend time with students in building an 
understanding of what counts as a proof and a justification” (p. 493). Many students can develop 
valid conclusions regarding patterns with which they are presented; few can generalize and justify 
why the pattern holds true in any situation using valid mathematical arguments. “The goal is to 
support the development of student understanding of one another’s work and move toward the use 
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of proof as a tool in exploring connections, relationships, and the veracity of mathematical 
statements and in communicating their findings” (D’Ambrosia et al., 2010, p. 494). 
Geometry textbooks as early as the 1940s have examined reasoning and proof in multiple 
chapters, one such text including four chapters beginning with “inductive thinking as a method of 
discovery” and concluding with proofs using analytic approaches “presented in paragraph style 
and as explanations given in numbered steps” (NCTM, 2003, pp. 376-377). Standards for proofs 
in geometry became more and more numerous in the decades to follow. NCTM (2000) argued “[a 
student’s] experience in school should help them recognize that seeking and finding explanations 
for the patterns they serve and the procedure they use help them develop deeper understandings of 
mathematics” (p. 342). Common Core State Standards (CCSS) introduced in 2010 included proofs 
in eight standards spanning four content strands (New York State Education Department 
[NYSED], 2017). 
Martinez, Brizuela, & Superfine (2011) explained, however, that “some research suggests 
that integrating proof into domains other than geometry holds much promise for students’ 
understanding of proof” (p. 31). One option is to introduce proofs in algebra instead of geometry, 
as “algebra is often considered as a gatekeeper to accessing, and ultimately understanding, more 
advanced mathematics” (Martinez et al., 2011, p. 30). There is only one Algebra I standard in the 
2010 CCSS related to proofs:  
Explain each step when solving a linear or quadratic equation as following from the 
equality of numbers asserted at the previous step, starting from the assumption that 
the original equation has a solution. Construct a viable argument to justify a solution 
method (NYSED, 2017). 
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Students encounter these “proofs” frequently during their algebra career; rarely do they realize 
they are completing proofs. “Students need a much more robust vision of the role of proofs in 
supporting mathematical activity, making connections between mathematical ideas, and 
communicating findings” (D’Ambrosia et al., 2010, p. 493). Exposing students to the process of 
solving an equation by examining each step in a two-column format with justifications for each 
step can prepare students for the process and format they will be exposed to upon entering a proof-
laden geometry course. This would also help to dispel two more typical student misconceptions: 
“mathematics problems have one and only one right answer” and “there is only one correct way 
to solve any mathematics problem” (Schoenfeld, 1992, p. 69). 
Algebraic manipulation also can transform expressions or equations into alternate forms 
which can reveal other properties or characteristics. Consider this algebraic proof, in paragraph 
form, presented by Martinez et al. (2011, p. 32): 
For instance, using algebra we can show that if we add three consecutive integer 
numbers, ܽ ൅ ሺܽ ൅ 1ሻ ൅ ሺܽ ൅ 2ሻ, the sum will always be a multiple of three, 3ܽ ൅
3…In addition, we can also see that the sum will always be the triple of the second 
number, 3ሺܽ ൅ 1ሻ, by factoring 3 from both terms. 
This idea may seem unclear when written in sentence-form; however, when represented using 
algebra, the relationship can be seen clearly through manipulation of the expressions. “The use of 
algebraic notation to make explicit what was previously implicit” (Martinez et al., 2011, p. 32) 
provides significant insight to students as they continue to develop their mathematical literacy 
skills, further preparing them for geometry.  
Cannot be Mastered in a Single Session 
The skill set necessary to complete proofs in mathematics is not something that can be 
mastered in a single session. The multiple methods and solutions associated with solving proofs 
make them difficult to fully comprehend instantly. Gfeller (2010) described the many postulates 
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and theorems used in mathematics as “tools in a toolbox” (p. 346). These tools are gradually 
discovered, learned, and implemented over time, and remembering these tools and how they 
interact can help students to write proofs more efficiently. Students must know how to develop 
logical arguments that connect true statements to effectively synthesize a proof. Gfeller (2010) 
describes mathematical proof as “an essential tool in understanding the mathematical thinking and 
reasoning used in the development of new concepts” (p. 341). 
With the gradual and frequent introduction of “tools” for students to use, it is critical for 
teachers to use accurate allocation of time for tasks when designing curriculum. Teachers must 
ensure that pacing of lessons or units is appropriate and effective, providing a suitable amount of 
time for concepts. They must also be flexible enough to deviate from the planned pacing; 
individual students or entire classes could take different amounts of time than expected on 
activities or may encounter difficulties with a concept that the teacher did not anticipate. Failure 
to adjust to unexpected conditions such as these could negatively affect students’ levels of 
engagement. 
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Curriculum Design 
This chapter contains curriculum materials designed for an introductory unit on proofs in 
Common Core Geometry. The items included in this section were selected specifically because of 
their ability to increase student engagement and improve the “opportunity to learn.” These 
materials were developed to meet the four main factors that help maintain high levels of student 
engagement: choosing tasks which build on students’ prior knowledge, using scaffolding, 
accurately allocating time for tasks, and providing sustained pressure from a teacher on 
explanation and development of meaning (Kilpatrick et al., 2001, pp. 335-336). These resources 
are intended to be supplements for educators to enhance students’ understanding of proof and the 
problem-solving process; these elements can be integrated into existing units on geometric proof 
and can also be modified to introduce students to proof in other settings, including algebra. 
The content presented includes examples of non-mathematical proofs, transition activities, 
and an alternative project-based summative assessment. Select full lessons from this unit are also 
included in this section to model the intended use of some of these materials. Those lessons are 
accompanied by a lesson guide containing suggested pacing, plans, and procedures for those 
lessons, as Kilpatrick et al. (2001) noted that “allocating neither too much nor too little time for 
the task is another factor associated with keeping engagement and cognitive demand high” (p. 
336). The lesson guides also contain the goals, learning targets, and Common Core learning 
standards addressed in each lesson. 
In addition to the content, a survey (Linares, 2006, p. 62) was designed as a metric to 
measure students’ perspectives and feelings towards proofs. The survey should be given to 
students at the end of the introductory lesson, as students start to understand the process, and again 
after the summative assessments (this can be done at the end of class or as a homework 
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assignment). In the initial administration, teachers can discover the skill sets students possess upon 
entering the unit, providing them with valuable information for pacing in the lessons ahead. The 
second administration, which should occur after completion of the unit test, can provide feedback 
in terms of the effectiveness of the teacher and/or the materials. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
RETHINKING PROOFS AND THE OPPORTUNITY TO LEARN 15 
 
Examples of Non-Geometry Proofs 
Many students struggle in units on mathematical proof. There are many obstacles students 
encounter when attempting to complete a proof. Some students may feel as if they don’t know how 
to solve proofs; others may be unsure as to whether they are actually proving something to be true; 
still others may have difficulty with the process of linking pieces of information in a sequential 
order. 
The purpose of this lesson is to engage students with the idea that they already complete 
proofs on a regular basis; however, they simply may not realize and/or consider these to be proofs. 
Included in this lesson are several examples of proofs from outside of geometry. Two examples 
are from outside of the world of mathematics: one features road construction & detours while the 
other analyzes students’ morning routines. There are also two examples from algebra that students 
might not have recognized as proofs. These tasks were chosen to build on students’ prior 
knowledge as they prepare for a proof-laden unit in geometry. The lesson opens with a full ten-
step proof (with two different solutions) from later in the unit. This represents a whole-part 
approach to this unit on geometry proofs by providing students with an example of what they are 
expected to be able to produce independently by the end of the unit. 
The real-world examples help to maintain student engagement by posing to students 
situations similar to geometry and making connections amongst processes involved at developing 
a solution. The first of these examples was designed around a road construction project in 
Rochester, NY during several summers in the 2010s. During that time, many different bridges, 
exits, and ramps were closed periodically, each of which significantly altered the route(s) available 
for motorists to reach their destination. This lesson challenges students to understand the process 
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and reasons behind the decisions one motorist was forced to make in his attempt to commute to 
his destination along this route. 
While only some students drive and the previous example may not be relatable to all 
students, the second example is unarguably part of every student’s school day: the morning routine. 
This task is designed to not only apply “sustained pressure from the teacher on explanation and 
the development of meaning” but to also present to students that proofs can have several possible 
correct answers or paths to success (Kilpatrick et al., 2001, p. 336). In this lesson, students are 
tasked to create a list of activities that would be completed by them from the time they awake in 
the morning until they arrive at school. Once a class list is compiled, students will then select eight 
of the activities listed and put them in the order that they complete them each morning. The 
placement and selection of each item must be accompanied by a reason justifying both of those 
aspects. It can be pointed out to students that many of them may choose the same eight items, but 
they may have different reasons or a different order. Also, some items may not be applicable to all 
(i.e. a bald male student will likely not need to do his hair while a female student likely would). 
The variety of different proofs that will result from this activity will allow for discussions 
surrounding reasons for choices made by some students. These exchanges are vital, as “motivation 
for school mathematics learning depends primarily on the interaction of students with teachers and 
of students with mathematical tasks” (Kilpatrick et al., 2001, p. 339). 
Also included in this lesson are two examples of proofs from the world of algebra. 
Typically, students entering geometry passed an algebra course and exam in the previous year, 
thereby having already been exposed to the concepts addressed in these proofs. However, these 
examples do not have the typical appearance of a proof. The first example is simply an algebraic 
equation in which students are tasked to solve for the variable. Students will likely be unaware that 
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the process of solving this equation, with which they should be familiar, can be written as an 
algebraic proof. 
The second example is an informal exploration of these algebraic properties, presented by 
Martinez et al. (2011, p. 32): 
For instance, using algebra we can show that if we add three consecutive integer 
numbers,   + (  + 1) + (  + 2), the sum will always be a multiple of three, 3  +
3…In addition, we can also see that the sum will always be the triple of the second 
number, 3(  + 1), by factoring 3 from both terms. 
 
Students are presented with the first property (the sum of three consecutive integers will always 
be a multiple of three) and must model that with several sets of numbers. Then, as a class, a 
paragraph conjecture will be developed modeling the arithmetic presented in the formal proof 
above. Students will then be challenged to factor the resulting expression and try and uncover the 
second property on their own. 
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Day: 0 Lesson: The Beginning of Proofs 
Objectives/Goals: 
 Students will be able to (SWBUT) 
demonstrate the process of problem 
solving and proof through both 
mathematical and practical examples  
 Students will understand that (SWUT) 
the process of solving proofs is used 
outside of mathematics 
Learning Standards: 
 A.REI.1 – Explain each step in solving a simple equation as 
following from the equality of numbers asserted at the 
previous step, starting from the assumption that the 
original equation has a solution. Construct a viable 
argument to justify a solution method. 
 A.REI.3 – Solve linear equations in one variable, including 
equations with coefficients represented by letters. 
Materials: 
 Lesson 0 Notes 
 
 Lesson 0 Plan Guide 
 
 
 Smartboard files 
 
 Power point file, road 
construction 
 
Procedure: 
Pg Task/Details Time Total  
1 Anticipatory Set: Talk about definitions of “proof” and “prove” 5 5 
 Have students independently develop definitions, solicit responses from students, then present dictionary 
definitions (standard and mathematical) 
 Prove (s) – “to establish the truth or genuineness of, as by evidence or argument” 
 Prove (m) – “to verify the correctness or validity of by mathematical demonstration or arithmetical proof” 
 Proof (s) – “evidence sufficient to establish a thing as true, or to produce a belief in its truth” 
 Proof (m) – “an arithmetical operation serving to check the correctness of a calculation” 
2 Pg 2 – Your First Geometry Proof! 20 25 
 Provide students with completed proof, briefly explain what they are looking at 
 Solve the proof, narrating the thought process behind the statements and reasons chosen in this proof; students 
can follow along with completed proof and should also fill in blank proof below. 
 “What do I know? And why do I know it?”, “Where do I need to go?”, “How do I get there?”, “What do I look for?”, 
“What does this tell me?”, … 
 Debrief, discuss process and result. Discuss expectations for unit. 
3-4 
 
 
Pg 3-4 – Real-World Example – Road Construction 10 35 
 Have students consider how to make connections to this process in their daily lives. Model the example of the road 
construction project, a “real-world” example 
 Summarize, discuss how different restrictions play role in process, proper reasoning required for conjectures 
5 Pg 5 – Real-World Example – Morning Routine 20 55 
 Have students brainstorm examples of activities they complete each morning. Possible examples: 
 Get up; Make bed; Take shower; Eat breakfast; Catch the bus; Brush Teeth; etc. 
 Students will select 8 of the listed activities and develop a sequence representing their morning routine and the 
reasons the selected activities are in that position in their sequences 
 Share some examples with the class. Discuss the following: reasons why students placed items where they did, 
similarities and differences in order, same order but different reasons, didn’t include things that others did 
6 Pg 6 – Other Proofs – Two-Column Algebra Proof 10 65 
 Discussion on two-column versus paragraph proofs – when/which/why? 
 Example proof for existence of infinitely many prime numbers 
 Two-column proof of solving an algebraic equation – Model process of solving the equation for x which students 
should understand from algebra while also presenting it in the two-column format to justify the process 
7 Pg 7 – Other Proofs - Paragraph Algebra Proof 15 80 
 Model two examples of sets of consecutive numbers which support statement, students should develop two of 
their own examples, share a few with the class to verify 
 Develop paragraph proving property that sum of three consecutive integers is a multiple of three 
 Review examples and discover property that sum is also the triple of the second integer, then extend paragraph to 
prove the conjecture 
HW  Closure – Introduce Day 0 HW – Get creative! Come up with your own situation in your life to be represented by a 
proof. Create a few sample statements and reasons pertaining to your example. 
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Introduction to Proofs 
 
 
 
 
 
 
 
 
 
 
 
  
 
 
Name ________________________________________________ 
 
Brainstorm: What does it mean to “prove”? What constitutes 
“proof”? Define both terms in your own words. 
prove - _____________________________________________________________ 
______________________________________________________________________ 
proof - _____________________________________________________________ 
______________________________________________________________________ 
Statements Reasons 
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 Given:        ≅        
         ≅        
 
 Prove: ∡  ≅ ∡  
 
 
 
 
 
 
 
 
 
 
 
 
 
Statements Reasons 
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Real-World “Proofs” 
It important to understand the thought process necessary to effectively solve a geometry 
proof. It is very similar to the logical thought processes you use to do non-math related 
things in your daily lives. Consider this example: 
Task: Drive from my house in the city to my parents’ house in Gates. 
 
 
Regular Path to House 
1) Go 390 North to Exit 21 Lyell Ave 
2) Turn right on Lyell and a quick left on Lee Rd, 
heading north 
3) Turn left on Trolley Blvd, continue until 
destination 
 
Construction that began in 2016 has made this area much harder to navigate. Whenever 
there is a change in which roads or ramps are open or closed, I must reconsider my route. 
During that construction, I had to take multiple different routes as more and more options 
were removed. 
a) Given Detour: Trolley Blvd closed between Long Pong Rd and Lee Rd (at 390 overpass). 
Route (Statements) Reasons 
1) Go 390 North to Exit 21 Lyell 
Ave 
1) No detour yet 
2) Turn left (west) on Lyell Ave 
toward Long Pond Rd instead 
of right toward Lee Rd 
2) Detour: Trolley 
Blvd closed at Lee 
Rd 
3) Continue west on Lyell 
Ave/Spencerport Rd toward 
Long Pond Rd. Turn right 
(north). 
3) Most direct 
route at this point 
4) Turn right on Trolley Blvd, 
continue until destination 
4) No further 
detours 
RETHINKING PROOFS AND THE OPPORTUNITY TO LEARN 22 
 
b) Given Detour: NEW: Exit 21 to Lyell Ave from 390 North closed. 
   Trolley Blvd closed between Long Pong Rd and Lee Rd (at 390). 
Route (Statements) Reasons 
1) Go 390 North to Exit 21 Lyell Ave 1) No detour yet 
2) Continue on 390 North to 
Lexington Ave. 
2) Detour: Lyell Ave 
exit from 390 North is 
closed 
3) Turn left on Lexington Ave and 
rejoin 390 South toward Lyell Ave. 
(Instead of taking Lexington to Lee 
to Trolley) 
3) Detour: Trolley 
Blvd closed at Lee Rd 
4) Take 390 South Exit 21 to Lyell 
Ave. Turn right. 
4) Most direct route at 
this point 
5) Continue west on Lyell 
Ave/Spencerport Rd toward Long 
Pond Rd. Turn right and head north. 
5) Most direct route at 
this point 
6) Turn right on Trolley Blvd, 
continue until destination 
6) No further detours 
 
c) Given Detour: NEW: Lexington Ave ramp to 390 South closed. 
Exit 21 to Lyell Ave from 390 North closed. 
   Trolley Blvd closed between Long Pong Rd and Lee Rd (at 390). 
Route (Statements) Reasons 
1) Go 390 North to Exit 21 Lyell Ave 1) No detour yet 
2) Continue on 390 North to 
Lexington Ave. 
2) Detour: Lyell Ave exit 
from 390 North is closed 
3) Turn right on Lexington Ave 
toward Lee Rd. 
3) Detour: Lexington Ave 
ramp to 390 South 
closed 
3) Take Lee Rd south to Lyell Ave, 
passing Trolley Blvd on the way. 
3) Detour: Trolley Blvd 
closed at Lee Rd 
4) Turn right (west) on Lyell Ave 4) Most direct route at 
this point 
5) Continue west on Lyell 
Ave/Spencerport Rd toward Long 
Pond Rd. Turn right and head north. 
5) Most direct route at 
this point 
6) Turn right on Trolley Blvd, 
continue until destination 
6) No further detours 
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Another Perspective… 
Consider your morning routine: Brainstorm a list of activities done in the morning from the 
time you wake up until the time you arrive at school. 
 
 
   
 
 
   
 
 
   
 
 
   
Now, choose 8 of these items and place them in the order you do them in the morning. For 
each item, provide a reason as to why it falls in that position in your sequence. 
Activity Reason 
1) Wake Up 1) This must be the first thing I do each day. 
2) 
 
2) 
3) 
 
3) 
4) 
 
4) 
5) 
 
5) 
6) 
 
6) 
7) 
 
7) 
8) 
 
8) 
9) 
 
9) 
10) Arrive at school 10) I have reached my destination. 
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Other Examples of Proofs 
Two-Column Proofs Vs Paragraph Proofs 
 Equivalent in veracity and validity 
 Two-column proofs most often used on Regents exam 
 Paragraph proofs more common at collegiate level 
 Sometimes one method is more practical than another 
o Longer proofs might be better suited for two-column proofs, as they are 
more organized 
o Paragraph proofs express the sequence and flow in plain English, often 
making these easier to follow and understand 
 
 
 
 
 
 
 
 
 
Ex) Two-column algebraic proof solving an equation: 
Given: 
 (   )  
 
− 1 = 7 
Prove:   = 6 
 
 
 
 
Statements Reasons 
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“The use of algebraic notation to make explicit what was previously implicit” (Martinez et al., 2011, 
p. 32). 
Ex) Paragraph algebraic proof acknowledging two properties of integers: 
Prove using algebra: The sum of three consecutive integer numbers will always be a 
multiple of three. 
 Examples:  1, 2, 3 −  1 + 2 + 3 = 6 (3 ∗ 2) 
   11, 12, 13 −  11 + 12 + 13 = 36 (3 ∗ 12) 
 Try two of your own: 
 1) _________ , _________ , _________ - _________ + _________ + _________ = _________ (3 ∗ _________) 
2) _________ , _________ , _________ - _________ + _________ + _________ = _________ (3 ∗ _________) 
 
How do we PROVE this? 
_________________________________________________________________________________________________________
_________________________________________________________________________________________________________
_________________________________________________________________________________________________________
_________________________________________________________________________________________________________
_________________________________________________________________________________________________________ 
Look at the two examples provided. Look at the examples you created. What other property 
do you observe? How can you prove this property algebraically? 
_________________________________________________________________________________________________________
_________________________________________________________________________________________________________
_________________________________________________________________________________________________________
_________________________________________________________________________________________________________ 
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Scaffolded Proofs & First Transition 
 This entire lesson is included because of several of the elements included within, designed 
with both scaffolding and building on students’ prior knowledge in mind. This lesson is intended 
to follow one in which students are first exposed to the definitions of bisector and midpoint as well 
as the sequences which follow their use in proofs. After practicing those definitions and sequences, 
this lesson introduces students to three of the triangle congruence theorems. Students will be tasked 
with building upon their prior knowledge and using the definitions and sequences along with the 
new congruence theorems to begin developing formal geometry proofs. Examples in this lesson 
gradually intensify from easy to difficult, as students are expected to begin gaining comfort with 
the procedure as the lesson progresses. 
 Several elements of scaffolding exist in this lesson. Students will practice completing 
proofs for the first time by working with partners. They will complete five proofs in their notes; 
the first two proofs are intended to be modeled completely by the teacher, the next two to be done 
collaboratively as a class, and a final proof to be completed independently by students. Additional 
proofs for students to practice solving with partners follow. These practice proofs are scaffolded 
to meet the needs of learners of various levels. For those learners who may still be uncomfortable 
with the process, a classwork worksheet is included with partially completed proofs. These partial 
proofs have some statements and/or reasons filled in and others left blank for students to finish. 
Teachers can opt to utilize this worksheet to continue easing students into the process. Four 
additional practice proofs remain in the notes packet; these are typical proofs with nothing more 
than givens and a diagram provided. Teachers can opt to not use the classwork sheet and continue 
with these examples if they feel students are progressing comfortably and are not in need of the 
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less-challenging examples. This is a decision that must be made by individual teachers based on 
their observations and experience to ensure accurate allocation of time for tasks. 
 This lesson also contains a transition activity. Many of the lessons were designed to have 
students complete independent practice examples following several guided examples in the notes. 
Most of these tasks involve students working with a partner with the intention of having them 
share ideas and communicate with each other to better engage with the process of problem-solving. 
Rather than simply pair up students or allow them to pick their partners (which may hamper 
productivity), students will be randomly assigned to partners through transition activities designed 
for students to continue practicing and memorizing elements of triangle congruence proofs. The 
transition activity for this lesson includes cards with the definitions, sequences, and theorems that 
they have been exposed to thus far in the unit. Cards will randomly be distributed to students; 
teachers can also intentionally assign cards to certain students to ensure proper pairings. The 
students will be tasked with matching given congruence statements on one card with conclusions 
drawn from those givens and corresponding diagram on another card. There are eleven pairs of 
cards; however, only two diagrams are used to prevent students from simply matching diagrams 
without processing the givens and conclusions. This ensure that students must communicate with 
others to pick the specific conclusions that connect to their givens. 
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Day: 2 Lesson: Direct Proofs – SSS, SAS, ASA 
Objectives/Goals: 
 SWBUT construct proofs using three 
triangle congruence theorems 
 SWBUT match congruence statements to 
marked diagrams 
Learning Standards: 
 G.CO.8 – Explain how the criteria for triangle congruence (ASA, SAS, SSS) 
follow from the definition of congruence in terms of rigid motions 
 G.CO.9 – Prove and apply theorems about lines and angles 
Materials: 
 Lesson 2 Notes 
 Lesson 2 HW 
 
 Lesson 2 Plan Guide 
 Transition cards 
 
 Smartboard files 
 Practice Proofs Key 
 
 Lesson 1 HW/Key 
 Lesson 2 CW 
 
Procedure: 
Pg Task/Details Time Total  
HW 1 Go over HW – Discuss mistakes, questions, and review definitions and sequences 5 5 
1 Pg 1 – Direct Proofs 7 12 
  Discuss two-column format, review important proof components 
 Emphasize importance of memorizing definitions and sequences 
 Emphasize need to include ALL necessary statements, do not skip steps 
 Review reflexive postulate and vertical angles by identify each piece in examples 
2 
 
 
 
Pg 2 – Three Congruence Theorems 8 20 
 SSS – All three pairs of sides must be congruent to each other 
 SAS – Two pairs of sides must be congruent and the pair of angles between those congruent sides are also 
congruent 
 ASA – Two pairs of angles must be congruent and the pair of sides between those congruent angles also 
congruent 
 Emphasize need to identify elements in same order on both figures 
 First Model – Have students look at the givens, prove statement, and diagram, then decide which theorem 
would be used to prove the triangle congruent and what additional step would be necessary to complete the 
proof 
3 
 
Pg 3 – Practice Proofs 10 30 
 Proof 1: Model completely for students, mark up diagram based on givens and prove statement, discuss 
possible congruence theorems based on givens, then discuss which one could be achieved based on existing 
theorems and postulates 
 Proof 2: Model completely in similar fashion, prompt students to fill in steps and reasons along the way 
4 
 
 
Pg 4 – Practice Proofs 10 40 
 Proof 3: Mark up diagram, copy givens as first statements and reasons, prompt students to provide remaining 
steps and reasons to complete proof (minimal teacher input) 
 Proof 4: Complete with student input like proof 3 (minimal teacher input) 
5 Pg 5 – Practice Proofs 
 Proof 5: Mark up diagram, copy givens as first statements and reasons, prompt students to 
provide remaining steps and reasons to complete proof (teacher to provide input as needed) 
5 45 
 Transition: Pair students together by reviewing definitions and sequences. Pass out cards with 
four definitions and the four corresponding sequences, have students find partners that have 
the sequence that follows the given definition (and vice versa). There will be multiple students 
with each element of the sequences, so students only need to find one partner. Pairs must check 
with teacher to verify that the partners’ pieces match before beginning work 
3 48 
6-7 Pg 6-7 – Practice Proofs 17 65 
 Have students complete “You Try!” proofs 1 -4 with their partners 
 Once completed, give students answer keys and have them check their work. Answer any questions students 
may have. 
CW Practice with Direct Proofs 10 75 
 Have students work with same partner to complete the partial proofs. Students should provide the missing 
reasons or statements using their notes and their knowledge of the definitions, sequences, and theorems 
learned to this point 
Closure: Regroup class and discuss the answers to the practice proofs; review four definitions 
and sequences, and review three new congruence theorems 
5 80 
HW Day 2 HW – Practice completing proofs using the four definitions and sequences, the learned theorems and 
postulates, and the three congruence theorems 
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Direct PROOFS 
 
Most of the proofs we will do in this class are called Direct Proofs.  
 
We will be using the two-column format for writing each proof. 
 Use definitions of key vocabulary given to you in the “Given” statement to help you prove 
something is TRUE 
 First column will contain statements that you are proving to be true 
 Second column will list the reasons which could be definitions, postulates, properties or 
theorems 
 Important to have the definitions memorized! Otherwise, you will have trouble with proofs 
 
When developing a proof, we must be careful to include ALL the steps that led to our 
answer.  We cannot "fast-forward" over steps when writing a proof.  Remember:  In formal 
proofs, no steps can be left out.   
 
Important components of  a Two-Column Proof: 
 Givens always come FIRST in the proof 
 Mark your diagram based on the given information 
 Use possible sequences to guide your statements 
 Provide valid reasons for each statement in the proof 
 The “prove”  is always the FINAL statement in the proof 
 
To prove triangles congruent, 3 is the magic number! 
 
Use your ‘Given’ statements and your knowledge of the vocabulary to help you find 3 parts 
of one triangle congruent to 3 parts of another triangle. 
 
When trying to find a third side in one 
triangle congruent in another triangle, 
always remember to look for a common 
side (reflexive postulate). 
When trying to find a third angle in one 
triangle congruent in another triangle, 
always remember to look for vertical 
angles (vertical angles are congruent). 
 
 
 
 
 
 
 
 
 
 
 
Statements Reasons 
G 
H 
I 
J 
K 
1 
2 
3 4 
5 
6 
A 
B D C 
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3 Ways to Prove Triangles Congruent 
 
SSS Postulate (Side-Side-Side) – When 3 sides of one triangle are congruent to 
3 sides of another triangle, then the triangles 
are congruent. 
 
 
 
 
SAS Postulate (Side-Angle-Side) – When 2 sides and the included angle of one 
triangle are congruent to 2 sides and the 
included angle of another triangle, then 
the triangles are congruent. 
 
 
 
ASA Postulate (Angle-Side-Angle) – When 2 angles and the included side of 
one triangle are congruent to 2 angles and 
the included side of another triangle, then 
the triangles are congruent. 
 
 
 
Which postulate above do you think will be used in this proof? 
Use the given information and look for a third piece. 
 
Given:        ≅        and        ≅        Prove: ∆    ≅ ∆    
 
 
 
 
 
 
 
 
 
A B 
C D 
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Practice Proofs 
1. Given:        ≅        
  ∡    ≅ ∡    
   Prove: ∆    ≅ ∆    
 
 
Statements Reasons 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  
2. Given:        ≅        
∡    ≅ ∡    
Prove: ∆    ≅ ∆    
 
Statements Reasons 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
A 
B
C
D
N 
O 
S 
R 
P 
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3. Given:        ≅        
M is the midpoint of        
Prove: ∆    ≅ ∆     
 
Statements Reasons 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
4. Given:        bisects ∡    
       ⊥         
Prove: ∆    ≅ ∆     
 
 
Statements Reasons 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
LJ 
K
M
A 
C 
B D 
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5. Given:        ≅        
       ⊥        
         ⊥         
Prove: ∆    ≅ ∆     
 
 
Statements Reasons 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
D 
A 
B 
C 
E 
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Practice Proofs – w/ Partners 
 
1. Given:        bisects ∡    
        ⊥        
Prove: ∆    ≅ ∆    
 
 
Statements Reasons 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
2.  Given:        bisects         
∡  ≅ ∡  
 Prove: ∆    ≅ ∆    
 
 
 
 
Statements Reasons 
  
 
 
 
 
 
 
 
 
 
 
 
 
C D 
B 
A 
N 
L 
K 
M
J 
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3. Given: U is the midpoint of        
         ≅        
 Prove: ∆    ≅ ∆    
 
 
Statements Reasons 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
4. Given:        ∥        
       ≅        
 Prove: ∆    ≅ ∆    
 
  
 
Statements Reasons 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
S R 
P Q 
T U 
S 
R 
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Name ______________________________________________ Day 2 CW – Partial Proofs (SSS,SAS,ASA) 
Directions: Work step by step through each proof using the givens and other information 
you can conclude from the diagram. Be sure to mark the diagrams along the way. 
Remember to look for VERTICAL ANGLES or a REFLEXIVE SIDE/ANGLE if you are stuck. 
 
1. Given:        ≅        
         ≅        
 Prove: ∆    ≅ ∆    
 
 
 
 
 
 
 
2. Given:        ⊥        
         ⊥        
         bisects        at E 
 Prove: ∆    ≅ ∆    
 
 
 
 
 
 
 
 
 
 
Statements Reasons 
1)        ≅        1) Given 
2)        ≅        2) 
3) ∡    ≅ ∡    3) 
4) 
 
4)  
Statements Reasons 
1)        bisects        at E 1) Given 
2)        ≅        2) 
3)        ⊥        3) 
4)        ⊥        4)  
5)  5) Definition of 
Perpendicular 
6) ∡    ≅ ∡    6) All ____________  
_____________ are ≅ 
7) 7) ___________ angles are 
≅ 
8)∆    ≅ ∆    8) 
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3. Given:        bisects ∡    
         ⊥        
 Prove: ∆    ≅ ∆    
 
 
 
 
 
 
 
 
 
 
 
4. Given D is midpoint of        
         ≅        
 Prove: ∆    ≅ ∆    
 
 
 
 
 
 
 
 
Statements Reasons 
1)        bisects ∡    1) 
2)  2) Definition of Angle 
Bisector 
3)        ⊥        3) 
4)  4)  Definition of 
Perpendicular 
5)  5)  Definition of 
Perpendicular 
6) ∡              ≅ ∡                6) All ________ 
_____________ are ≅ 
7) 7) Reflexive Postulate 
8) ∆    ≅ ∆    8) 
Statements Reasons 
1)  
 
1) Given 
2)  
 
2) Definition of 
midpoint 
3)  
 
3) Given 
4)  
 
4)  
5) ∆    ≅ ∆    
 
5) SSS 
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Name _________________________________________________  Day 2 HW: SSS SAS ASA Proofs 
 
1. Given: E is the midpoint of          
  ∡    ≅ ∡    
   Prove: ∆    ≅ ∆    
 
 
 
Statements Reasons 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
  
2. Given:        ≅        
         bisects ∡    
Prove: ∆    ≅ ∆    
 
Statements Reasons 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
E 
C 
D A 
B 
B 
D 
C 
A 
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3. Given:        bisects        
       bisects        
Prove: ∆    ≅ ∆     
 
 
Statements Reasons 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
4. Given: B is the midpoint of        
       ⊥         
Prove: ∆    ≅ ∆     
 
Statements Reasons 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
D
C
AB
E 
C 
D A 
B 
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       bisects ∡    (Given) ∡    ≅ ∡    (Definition of Angle 
Bisector) 
 
 
 
B is the midpoint of        (Given)        ≅        (Definition of Midpoint) 
 
 
 
       ⊥        (Given) 
 
∡   , ∡    are right angles (Def of ⊥) 
∡    ≅ ∡    (All rt. angles are ≅) 
 
 
 
       ≅        (Given) 
∡    ≅ ∡     (Given) 
 
       ≅        (Reflexive Postulate) 
∆    ≅ ∆    (Side-Angle-Side) 
 
A 
B C D 
A 
B C D 
A 
B C D 
A 
B C D 
A 
B C D 
A 
B C D 
A 
B C D 
A 
B C D 
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∡    ≅ ∡    (Given) 
∡    ≅ ∡     (Given) 
       ≅        (Reflexive Postulate) 
∆    ≅ ∆    (Angle-Side-Angle) 
 
 
 
       ≅        (Given) 
       ≅         (Given) 
       ≅        (Reflexive Postulate) 
∆    ≅ ∆    (Side-Side-Side) 
  
       bisects         (Given) 
 
       ≅        (Definition of Segment Bisector) 
 
  
    ≅        (Given) 
       ≅        (Given) 
∡    ≅ ∡    (Vertical Angles are ≅) 
∆    ≅ ∆    (Side-Angle-Side) 
A 
B C D 
A 
B C D 
A 
B C D 
A 
B C D 
K 
N 
M 
J 
L 
K 
N 
M 
J 
L 
K 
N 
M 
J 
L 
K 
N 
M 
J 
L 
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∡  ≅ ∡  (Given) 
       ≅        (Given) 
∡    ≅ ∡    (Vertical Angles are ≅) 
∆    ≅ ∆    (Angle-Side-Angle) 
  
      ≅         (Given) 
      ∥         (Given) 
 
∡  ≅ ∡  (If 2 || lines are cut by a 
transversal, alt. interior angles are ≅) 
∆    ≅ ∆    (Side-Angle-Side) 
 
  
        bisects         (Given)     ≅        (Definition of Segment Bisector) 
 
 
 
 
 
 
K 
N 
M 
J 
L 
K 
N 
M 
J 
L 
K 
N 
M 
J 
L 
K 
N 
M 
J 
L 
K 
N 
M 
J 
L 
K 
N 
M 
J 
L 
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Proof Jigsaw & Review Game 
 One of the two basic elements for supporting students’ expectations of success is to 
“provide whatever scaffolding may be needed to help students acquire and apply concepts, skills, 
and abilities as they work on assignments” (Kilpatrick et al., 2001, pp.339-340). This lesson 
provides examples of scaffolding through a warm-up activity in which students are tasked with 
completing three proofs of differing degrees of difficulty with partners. 
 The first proof will be completed by all students (jigsaw proof). This proof will be cut-out 
along the dotted lines and each piece will be placed in an envelope. Students will have to match 
and arrange the statements and reasons, like a puzzle, in the correct order to complete the proof. 
Once the solution confirmed by a teacher, students can proceed to the remaining proofs. 
 The two additional proofs can be chosen by students from two groups. One must be chosen 
from the group of “easy” proofs (A and B). These proofs, like the classwork assignment from the 
previous lesson, are partially completed and students must fill in the missing statements and/or 
reasons. The other proof must be chosen from the group of “difficult” proofs (X, Y, and Z). These 
proofs only provide students with the givens, diagram, and prove statement; they are expected to 
complete the entire proof. This final group of proofs is further scaffolded, as proofs X and Y 
contain rows indicating the expected number of steps for the proof while proof Z is simply a blank 
t-chart. Teachers can allow students choice for this final proof or can assign them to groups based 
on their abilities, possibly reserving proof Z for students in need of a challenge. 
Upon completion of these proofs, students should post solutions for others to compare 
against those which they developed and observe any possible similarities or differences. They can 
also assist in identifying and correcting mistakes made by others. Groups finishing early should 
also be encouraged to do the remaining proofs while waiting to keep them engaged. 
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 In addition to this warm-up activity, a review game is included as a closure activity. This 
online review game allows students to submit answers to multiple choice questions via an app on 
their smartphones. The questions are designed for students to practice drawing conclusions from 
given statements and diagrams using the definitions, postulates, and theorems they have learned 
to this point. This review game is an effective method of synthesizing the information students 
have learned while also being interactive, aiding in maintaining high levels of engagement. 
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Day: 3 Lesson: Direct Proofs – AAS, HL 
Objectives/Goals: 
 SWBUT construct proofs using two 
additional triangle congruence theorems 
 SWBUT match and organize statements 
and reasons in the correct order to 
produce a coherent and logical proof 
Learning Standards: 
 G.CO.8 – Explain how the criteria for triangle congruence 
(AAS, HL) follow from the definition of congruence in 
terms of rigid motions 
 G.CO.9 – Prove and apply theorems about lines and 
angles 
Materials: 
 Lesson 3 Notes 
 Lesson 3 HW 
 
 Lesson 3 Plan Guide 
 Lesson 3 Warm-Up 
 
 Smartboard files 
 Review Game 
 
 Lesson 2 HW 
 Lesson 2 HW Key 
 
Procedure: 
Pg Task/Details Time Total  
WU 
 
Anticipatory Set: Triangle Congruence Proof Practice 25 25 
 Students will be put into pairs using transition cards from previous lesson 
 Students must work together to complete three proofs: 
o One of “easy” proofs A, B (partial proofs, fill in missing statements/reasons) 
o One of “difficult” proofs X, Y, Z (blank proofs, complete entire proof with statements/reasons) 
o Jigsaw Proof (statements & reasons cut out, must match statements and reasons) 
 Students must show teacher completed jigsaw proof after items are sorted 
 Students will put solutions to remaining proofs on Smartboard 
 Student-generated solutions will be discussed and assessed as a class 
HW 2 Go over HW – Discuss mistakes, questions, and review definitions and sequences 5 30 
1 
 
 
 
Pg 1 – Two New Congruence Theorems – AAS, HL 5 35 
 AAS – Two pairs of angles must be congruent and a pair of sides NOT between the two angles 
must also be congruent 
 HL – Only in right triangles, must have a pair of congruent right angles, one pair of congruent 
sides (both hypotenuses) and a second pair of congruent sides (either pair of legs) 
 Cannot use ASS or SSA theorems, must be right triangle and HL 
2 
 
Pg 2 – Summary and Practice 5 40 
 Summarize five congruence theorems used to prove congruent triangles 
 Proof 1: Model completely for students, mark up diagram based on givens and prove statement, 
discuss possible congruence theorems based on givens, then discuss which one could be achieved 
based on existing theorems and postulates 
3 
 
 
Pg 3 – Practice Proofs 10 50 
 Proof 2: Mark up diagram, copy givens as first statements and reasons, prompt students to 
provide remaining steps and reasons to complete proof (minimal teacher input) 
 Proof 3: Complete with student input like proof 2 (minimal teacher input) 
4 
 
Pg 4 – Practice Proofs 15 65 
 Have students attempt to solve proofs 4 and 5 with same partners from warm-up 
 Return to whole group and have students informally offer procedures used to solve each proof. 
Class should decide together if the procedure presented is acceptable to solve each proof. Teacher 
will display completed proofs on screen after students agree on necessary approach 
 Summary & Review 15 80 
 Review with students the four major definitions and sequences, the important theorems and 
postulates, and the five triangle congruence theorems 
 Play Kahoot! review game to reinforce summary 
 Remind students that there will be quiz to begin next class 
HW  Day 3 HW – Practice completing proofs using the four definitions and sequences, the learned 
theorems and postulates, and the two new congruence theorems 
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Jigsaw Proof 
Given:  
       ⊥        
 
              G is the midpoint of        
 
Prove: 
 
∆    ≅ ∆    
 
 
 
Statements Reasons 
       ⊥        
 
Given 
∡    and ∡    are right 
angles 
Definition of 
Perpendicular 
∡    ≅ ∡    
All right angles are 
congruent 
G is the midpoint of        
 
Given 
       ≅        
 
Definition of Midpoint 
       ≅        
 
Reflexive Postulate 
∆    ≅ ∆    
 
SAS Postulate 
 
F 
D G E 
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Proof A 
Given:  
       ≅        
 
       ≅        
 
Prove: 
 
∆    ≅ ∆    
 
 
 
Statements Reasons 
1)        ≅        
 
 
1) 
2)        ≅        
 
 
2) 
3) 
 
 
3) 
4) ∆    ≅ ∆    
 
 
4) 
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Proof B 
Given:  
       ∥       
 
       ≅       
 
Prove: 
 
∆    ≅ ∆    
 
 
 
Statements Reasons 
1)        ∥       
 
 
1) 
2)  
 
 
2) If two parallel lines are cut by a 
transversal, then alternate interior 
angles are congruent 
3)  
 
 
3) Given 
4) 
 
 
4) Reflexive Postulate 
5) 
 
 
5)  
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Proof X 
Given:  
       bisects         
 
∡  ≅ ∡  
 
Prove: 
 
∆    ≅ ∆    
 
 
 
Statements Reasons 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
M 
J 
K 
L 
N 
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Proof Y 
Given:  
       bisects ∡    
 
       ⊥        
 
Prove: 
 
∆    ≅ ∆    
 
 
 
Statements Reasons 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
B 
A D C 
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Proof Z 
Given:  
E is the midpoint of        
       ⊥        
       ⊥        
       ≅        
 
 
Prove: 
 
∆    ≅ ∆    
 
 
 
Statements Reasons 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
A E 
D C 
B
RETHINKING PROOFS AND THE OPPORTUNITY TO LEARN 52 
 
2 Additional Ways to Prove Triangles Congruent 
 
AAS Postulate (Angle-Angle-Side) – When 2 angles and a non-included side of 
one triangle are congruent to 2 angles and a non-included side of 
another triangle, then the triangles are congruent. 
 
Directions:  Mark the congruent corresponding parts to show the triangles are congruent 
using AAS. 
 
1)    2)      3)   
         
 
 
HL (Hypotenuse Leg) Theorem – When the hypotenuse and a leg of one right 
triangle are congruent to the hypotenuse and a leg of another right 
triangle, then the triangles are congruent. 
. 
 Looks like Angle-Side-Side or Side-Side-Angle but we CANNOT use those 
 Only works on RIGHT TRIANGLES 
 
Directions:  Mark the congruent corresponding parts to show the triangles are congruent 
using HL. 
1)     2)    3) 
 
 
 
 
 
 
 
 
Five Ways to Prove Triangles Congruent 
1. SSS Postulate of Congruence 
2. SAS Postulate of Congruence 
3. ASA Postulate of Congruence 
4. AAS Theorem of Congruence 
5. *HL Theorem of Congruence 
*Must prove triangles are right triangles 
first. 
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Practice Proofs 
1. Given:        bisects ∡    
  ∡  ≅ ∡  
   Prove: ∆    ≅ ∆    
 
Statements Reasons 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
2. Given:        ≅        
       ∥        
Prove: ∆    ≅ ∆    
 
Statements Reasons 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
A 
B
C
D
C 
E 
B 
D 
A 
RETHINKING PROOFS AND THE OPPORTUNITY TO LEARN 54 
 
3. Given:         ≅        
       ⊥        
Prove: ∆    ≅ ∆     
 
 
Statements Reasons 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
4. Given:        bisects ∡    
  ∡  ≅ ∡  
   Prove: ∆    ≅ ∆    
 
 
Statements Reasons 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
B 
A C 
D 
DC
A
B 
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5. Given:        ≅        
       ⊥       
Prove: ∆    ≅ ∆     
 
 
Statements Reasons 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
KJ 
G
H 
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Given that        ∥       , which of the following statements/reasons can be 
reached using that idea? 
Δ        ⊥       , Definition of perpendicular 
◊  ∡    ≅ ∡   , Alternate Interior Angles 
are congruent 
○  ∡    ≅ ∡   , Vertical angles are 
congruent 
□         ≅       , Definition of parallel lines 
 
 
Given:        ⊥      .  Which is the following statement that logically follows this 
given? 
Δ ∡   , ∡    are right angles ◊  ∡  ≅ ∡  
○  ∡   , ∡    are right angles □  ∡    ≅ ∡    
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Which congruence theorem is needed to prove these two triangles 
congruent? 
Δ SSS ◊  AAS 
○ HL □  SAS 
 
 
 
If ∡1 ≅ ∡2 AND ∡2 ≅ ∡3, which statement/reason could follow? 
 
Δ ∡1 ≅ ∡3, Substitution Postulate 
◊  ∡1 ≅ ∡3, Alternate Interior Angles are 
congruent 
○ ∡1 ≅ ∡3, Reflexive Postulate □  ∡1 ≅ ∡3, All right angles are congruent 
 
RETHINKING PROOFS AND THE OPPORTUNITY TO LEARN 58 
 
 
Which congruence theorem is needed to prove these two triangles 
congruent? 
Δ HL ◊ SSS 
○ AAS □  SAS 
 
 
Which congruence theorem is needed to prove these two triangles 
congruent? 
Δ SAS ◊ ASA 
○ AAS □  HL 
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Given: T is the midpoint of PS. A conclusion can be drawn using which 
reason? 
Δ Definition of midpoint ◊ Definition of segment bisector 
○ Definition of perpendicular □ Definition of angle bisector 
 
 
Which additional statement/reason is necessary to prove these two 
triangles congruent? 
Δ        ≅       , Reflexive Postulate ◊        ≅       , Def of midpoint 
○ ∡    ≅ ∡   , Def of angle bisector □        ≅       , Def of segment bisector 
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Given:        bisects       . A conclusion can be drawn using which reason? 
 
Δ Definition of midpoint ◊ Definition of segment bisector 
○ Definition of angle bisector □ Definition of perpendicular 
 
 
Which congruence theorem is needed to prove these two triangles 
congruent? 
Δ AAS ◊ ASA 
○ HL □  SAS 
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Given        ⊥        and        ⊥      , which is the first conclusion that can be made 
based on this idea? 
Δ ∡   , ∡    are right angles, Definition 
of perpendicular 
◊ ∡    ≅ ∡   , All right angles are 
congruent 
○        ∥       , Definition of parallel □         ≅       , Definition of perpendicular 
 
 
 
What is the reason to justify why ∡    ≅ ∡   ? 
 
Δ Alternate Interior Angles are congruent ◊ Vertical Angles are Congruent 
○ Definition of Angle Bisector □  Reflexive Postulate 
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Given this diagram, which conclusion CANNOT be drawn? 
 
Δ ∡  ≅ ∡  ◊ ∡ , ∡  are right angles 
○ G is the midpoint of       □         ⊥        and        ⊥       
 
 
Given:        bisects ∡   . Which is the statement that logically follows this 
given? 
Δ ∡  ≅ ∡  ◊ ∡  ≅ ∡  
○ ∡    ≅ ∡    □         ≅        
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Which congruence theorem is needed to prove these two triangles 
congruent? 
Δ SAS ◊ HL 
○ SSS □  AAS 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
RETHINKING PROOFS AND THE OPPORTUNITY TO LEARN 64 
 
Second Transition & Study Guide 
 This second transition is an extension of the one already introduced in this section. As the 
unit progresses, more theorems, postulates, and properties are introduced to students. Therefore, 
in addition to the original definitions and congruence theorems, cards utilizing properties such as 
parallel lines, supplementary angles and isosceles triangles are added to the mix. This transition 
can be used repeatedly for the remainder of the unit as frequent practice of this vocabulary. 
 This lesson also features a study guide which compiles every definition, theorem, postulate, 
and congruence discussed during the unit. Each item includes a diagram and a sequence of 
statements and reasons associated with its use. This is a compact and organized way for students 
to review all “tools in their toolbox” in preparation for an assessment. 
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       bisects ∡    (Given) 
∡    ≅ ∡    (Definition of Angle 
Bisector) 
 
  
B is the midpoint of        (Given)        ≅        (Definition of Midpoint) 
 
  
       ⊥        (Given) 
 
∡   , ∡    are right angles (Def of ⊥) 
∡    ≅ ∡    (All rt. angles are ≅) 
 
  
       ≅        (Given) 
∡    ≅ ∡     (Given) 
 
       ≅        (Reflexive Postulate) 
∆    ≅ ∆    (Side-Angle-Side) 
 
A 
B C D 
A 
B C D 
A 
B C D 
A 
B C D 
A 
B C D 
A 
B C D 
A 
B C D 
A 
B C D 
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∡    ≅ ∡    (Given) 
∡    ≅ ∡     (Given) 
       ≅        (Reflexive Postulate) 
∆    ≅ ∆    (Angle-Side-Angle) 
 
  
       ≅        (Given) 
       ≅         (Given) 
       ≅        (Reflexive Postulate) 
∆    ≅ ∆    (Side-Side-Side) 
  
       bisects         (Given) 
 
       ≅        (Definition of Segment Bisector) 
 
  
    ≅        (Given) 
       ≅        (Given) 
∡    ≅ ∡    (Vertical Angles are ≅) 
∆    ≅ ∆    (Side-Angle-Side) 
A 
B C D 
A 
B C D 
A 
B C D 
A 
B C D 
K 
N 
M 
J 
L 
K 
N 
M 
J 
L 
K 
N 
M 
J 
L 
K 
N 
M 
J 
L 
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∡  ≅ ∡  (Given) 
       ≅        (Given) 
∡    ≅ ∡    (Vertical Angles are ≅) 
∆    ≅ ∆    (Angle-Side-Angle) 
  
       ∥        (Given) 
 
∡    ≅ ∡    (If 2 || lines are cut by a 
transversal, alt. interior angles are ≅) 
 
  
       ≅        (Given) 
 
       ≅        (Reflexive Postulate) 
       ≅        (Subtraction Postulate) 
 
  
∡    ≅ ∡    (Given) 
∡    ≅ ∡    (Given) 
        ≅        (Given) 
∆    ≅ ∆    (Angle-Side-Angle) 
K 
N 
M 
J 
L 
K 
N 
M 
J 
L 
U V 
W 
T 
X 
Y 
U V 
W 
T 
X 
Y 
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∡    ≅ ∡    (Given) 
∡    ≅ ∡    (Given) 
 
∡    ≅ ∡    (Substitution) 
 
  
       ≅        (Given) 
W is the midpoint of        (Given) 
X is the midpoint of        (Given) 
        ≅         ≅        ≅        (Halves Postulate) 
  
∆    ≅ ∆    (Given) 
        ≅        (CPCTC) 
 
 
  
∡1 ≅ ∡2 (Given) 
 
∡1, ∡3 are supp., ∡2, ∡4 are supp. (Two 
angles which form a line are supplements) 
∡3 ≅ ∡4 (Supplements of congruent 
angles are congruent) 
U V 
W 
T 
X 
Y 
U V 
W 
T 
X 
Y 
U V 
W 
T 
X 
Y 
U V 
W 
T 
X 
Y 
U V 
W 
T 
X 
Y 
U V 
W 
T 
X 
Y 
3 4 3 4 
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∡  ≅ ∡  (Given) 
 
∆    is Isosceles (In an isos triangle, base 
angles are congruent) 
       ≅        (Isosceles Triangle Theorem) 
 
  
       ≅        (Given) 
 
∆    is Isosceles (In an isos triangle, two 
sides are congruent) 
∡  ≅ ∡  (Isosceles Triangle Theorem) 
 
 
 
 
 
 
 
 
 
 
 
 
U V 
W 
T 
X 
Y 
U V 
W 
T 
X 
Y 
U V 
W 
T 
X 
Y 
U V 
W 
T 
X 
Y 
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Important Definitions & Sequences 
 
1. Definition of Midpoint 
a. T is midpoint of          (Given) 
b.        ≅           (Def of midpoint)  
 
 
 
2. Definition of Segment Bisector 
a.        bisects        at point E  (Given) 
b.        ≅           (Def of segment bisector) 
 
 
 
 
3. Definition of Angle Bisector 
a.        bisects ∡      (Given) 
b. ∡    ≅ ∡      (Def of angle bisector) 
 
 
 
 
4. Definition of Perpendicular 
a.        ⊥           (Given) 
b. ∡   , ∡    are right angles (Def of perpendicular) 
c. ∡    ≅ ∡      (All right angles are ≅) 
 
 
Important Postulates and Theorems 
(These can be used without being provided to us, these are what to look for when you’ve 
used all of your givens and you are “stuck”.) 
 
1. Substitution Postulate 
a. ∡1 ≅ ∡2 (Given) 
b. ∡1 ≅ ∡3 (Given) 
c. ∡2 ≅ ∡3  (Substitution) 
 
2. Reflexive Postulate 
a.        ≅           (Reflexive post.)  
 
 
S P T 
A 
B D 
F 
E 
E 
F G 
H 
S 
R M C 
B 
D A C 
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3. Addition Postulate 
a.        ≅          (Given) 
b.        ≅          (Reflexive post.) 
c.        +        =          (Segment addition) – You can skip this step,  
       +        =          it is here to show you where step d comes from. 
d.        ≅           (Addition post.)  
 
 
4. Subtraction Postulate 
a. ∡    ≅ ∡     (Given) 
b. ∡2 ≅ ∡2   (Reflexive post.) 
c. ∡    − ∡2 = ∡3  (Angle subtraction) – You can skip this step, 
∡    − ∡2 = ∡1  it is here to show you where step d comes from.  
d. ∡1 ≅ ∡3   (Subtraction post.) 
 
 
 
 
5. All right angles are congruent 
a. Always follows definition of perpendicular 
(where we declare we have right angles) 
b. ∡    ≅ ∡      (All right angles are congruent) 
 
 
 
 
 
6. Vertical angles are congruent 
a. Always look for angles that share the 
same vertex and are across from each other 
b. ∡    ≅ ∡      (Vertical angles are congruent) 
 
 
 
7. If 2 parallel lines are crossed by a transversal, 
then alternate interior angles are congruent. 
a.        ∥         (Given) 
b. ∡    ≅ ∡     (If 2 parallel lines are crossed by a 
transversal (      ), then alternate 
interior angles are congruent.) 
 
 
3
21
E
B A
C
D
S R 
P Q 
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8. Supplements of congruent angles are congruent 
a. ∡1 ≅ ∡2     (Given) 
b. ∡1, ∡    are supplementary (2 angles that form a straight 
∡2, ∡    are supplementary  line are supplementary) 
c. ∡    ≅ ∡       (Supplements of congruent 
angles are congruent) 
 
 
9. Halves Postulate 
a.        ≅          (Given) 
b.        bisects          (Given) 
c.        ≅          (Def of segment bisector) 
d.        bisects          (Given) 
e.        ≅          (Def of segment bisector) 
f.        ≅        ≅        ≅         (Halves Postulate) 
 
 
 
10. Corresponding Parts of Congruent Triangles are Congruent (CPCTC) 
a. Prove two triangles congruent, then pick any sets of corresponding angles or sides 
and say they are congruent by CPCTC 
 
 
 
Ways to Prove Triangles Congruent 
1. SSS Postulate of Congruence 
2. SAS Postulate of Congruence 
3. ASA Postulate of Congruence 
4. AAS Theorem of Congruence 
5. *HL Theorem of Congruence 
*Must prove triangles are right triangles first. 
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Alternative Summative Assessment 
 Units of study in mathematics curriculum often culminate with a summative assessment in 
the form of a test or exam. The unit from which these materials were selected followed this format; 
the exam was structured like the New York State Regents exam, with multiple choice, short 
response, and extended response items. An assessment of this nature is still recommended for the 
end of this unit, as it will prepare students for the format they will face during state exams. 
However, since it is widely accepted that learners have diverse styles and methods of learning 
(Beswick, 2010; D’Ambrosia et al., 2010; Gfeller, 2010; Kilpatrick et al., 2001; Martinez et al., 
2011; van Merriënboer et al., 2006), having an additional alternative assessment can give teachers 
an opportunity to assess students in a setting other than the typical testing environment, which may 
not be the most conducive setting for all students. This can provide students with an ancillary 
opportunity to express the content they learned in a manner which may be more effective for them. 
 This project-based assessment requires students to work collaboratively and share their 
knowledge of concepts and mathematical literacy to develop a geometry proof to be completed by 
a classmate. They will have their choice of required elements from five categories to be used in 
their proofs. The proofs should be designed to have a challenging degree of difficulty and 
demonstrate reasonable collective evidence of learning. Detailed instructions including 
suggestions, requirements, and models are provided to students. They will be required to submit a 
detailed answer key with clear drawings, the intended solution, and any other alternate solutions 
that were discovered. In addition to the development of the proof, students are required to write a 
short reflection piece in which they are to consider any challenges they may have encountered 
while developing their proof. They also will be tasked with making a connection to an authentic 
real-world process which can be similarly modeled in the two-column proof format. 
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 A grading rubric for this project is supplied. This rubric is designed to give students 
opportunities to earn points from not only the proof they create but also from the development of 
a thorough reflection and through an evaluation of a proof developed by another student. Most of 
the points students can earn are directly attributed to their product, allocating up to six points each 
for including the required components, producing a complete and correct proof, and suitable 
presentation. Four more points are earned by submitting a thoughtful reflection on the process and 
difficulties encountered during the project. The final three points come from the evaluation of a 
classmate. Considering that the proof should be capable of being solved by a classmate, the 
intended audience should contribute to the feedback. After all projects are submitted, each student 
will receive a copy of a proof produced by a classmate and will attempt to solve the proof. They  
then will evaluate it in terms of meeting the required components and the degree of difficulty of 
the product. 
 The scoring on the rubric (out of twenty-five points) will be doubled to allow the standard 
assessment (unit test) and alternative assessment (project) to have the same weight. As with other 
materials in this document, teachers can adjust the weight of the elements in the rubric as they see 
fit. 
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Name: ____________________________________________________   Date: ____________ 
 
Create Your Own Proof Project 
 
Purpose/Overview: 
In this unit, you’ve learned how to use given information to logically proceed to conclusions 
allowing you prove something to be true. You’ve also made connections between this process and 
your real-world situations. In this project, you are going to go through the process of building a 
proof to be solved by some of your classmates. 
 
Directions/Process: 
You and a partner will create one proof by creating a diagram, providing givens of your choice, and 
develop a path to reach a prove statement of your choice. This proof should incorporate several 
important definitions, sequences, postulates and theorems that you’ve learned in this unit. The 
proof should be of moderate difficultly, able to be solved by you or a classmate. In addition to 
developing the proof, you will solve the proof yourselves to show the desired path to completing 
your proof. The purpose of this project is not to overload the proof with givens but, instead, to lead 
the solver down a path where the limited givens they do have allow them to draw conclusions to 
prove other necessary components congruent. So be sure to consider what conclusions you can 
draw from a given and where that could lead in your proof. 
 
Here is the process you should follow in developing your proof: 
1) Consider possible theorems or postulates to use in your proof from the lists provided (see 
Elements below). These can be used to help you design a diagram that will match with those 
theorems or postulates. 
2) Consider possible givens to use in your proof. In addition, consider the conclusions that would 
be drawn from those givens and how that will aid in your proof (see Elements below). These 
can also be used to help you design a diagram that will match with those givens. 
3) Create your diagram. The diagram can be created however you like, but it must fit within the 
parameters set in the requirements section. You should include the diagrams in the manner 
specified in that section. 
4) Start developing your proof. Begin with the first given and use that to draw the intended 
conclusion(s). As you do, begin to anticipate where you can go in the next step to continue your 
proof. Consider the next given to use or pieces that we know are congruent from the diagram 
(vertical angles, reflexive postulate). 
5) Continue to develop your proof, making sure to include all necessary elements. 
6) Try solving your proof from start to finish. Make sure the conclusions drawn are correct, make 
sure the required elements are contained, and make sure your diagram matches with the proof. 
Consider alternate paths to reach the same conclusion using the same givens and diagram. It 
may be possible to complete the proof in a different way than you intended. 
7) Once satisfied with your proof, complete a final solution (answer key) for your proof. This 
should include your fully marked diagrams. If you were able to discover alternative solutions to 
your proof, please include a copy of that solution as well. 
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*** Keep in mind, you can always change what givens or theorems/postulates you want to 
use as you build your proof. In the process, you might discover a different path or different 
conclusion that can be used which may be easier to develop. For that reason, only begin the 
proof with one given and its conclusions, then reassess the situation. 
 
Requirements: 
 Here are the required components and characteristics of your proof. Be sure that each of 
these requirements are met to receive full credit: 
 Givens: The proof must include 2-3 givens. (If you have two pairs of perpendicular lines you 
are using to create one pair of congruent right angles, those two givens combined count 
toward one of your required givens.) 
 Length: The proof must be at least 7 steps long. (If you have two pairs of perpendicular lines 
you are using to create one pair of congruent right angles, those two givens combined count 
toward one of your required steps.) 
 Difficulty: The proof must be of moderate or high difficulty. This proof should not be an 
easy, 4-5 step, basic proof that was completed at the beginning of the unit. This should be of 
the difficulty that you might see on a quiz or unit test. Remember, it should be of an 
appropriate difficulty for the students in this class. 
 
 Elements: These are the required elements from the unit that must be in your proof: 
1) At least one important definition or sequence (likely one of your givens) 
a. Definition of Midpoint 
b. Definition of Segment Bisector 
c. Definition of Angle Bisector 
d. Definition of Perpendicular 
2) At least one special theorem 
a. Addition or Subtraction Postulate 
b. Halves Postulate 
c. Supplements of congruent angles are congruent 
d. Isosceles Triangle Theorems 
e. If 2 parallel lines are cut by a transversal, then Alt. Int. Angles are congruent 
3) At least one theorem concluded from the diagram 
a. Reflexive Postulate 
b. Vertical Angles are Congruent 
4) At least one pair of congruent triangles 
5) At least one use of CPCTC from those congruent triangles 
 
 Diagrams: You must include diagrams. 
o A blank copy of your proof with an unmarked diagram. 
o A completed copy (answer key) of your proof with a correctly marked diagram; 
draw the congruent triangles that exist in your proof, particularly if these are 
overlapping triangles because the congruent pieces may be difficult to see 
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 Mechanics: 
o You must include a fully correct and complete proof meeting the requirements 
above. The proof should use correct syntax (using correct letters and order of letters 
for identifying angles and segments), be neat and organized, flow logically, and 
include no unnecessary or missing steps. 
Reflection: 
You and your partner must develop a reflection piece. This reflection piece has two main parts: 
reflect on the project and reflect on connections. You and your partner should write one 2-page 
paper, double-spaced, in which you, first, reflect on the process and development of this proof. 
Consider any issues that you may have had along the way (you had to change the diagram, or your 
givens didn’t work, etc.), the reasons why you selected the givens that you chose or why you 
created the diagram the way you did, and your opinion of the difficulty of your proof and why you 
feel that way. Second, include a connection between proofs and the real-world examples 
discussed this unit. Give an example and explain how they are connected. 
Grading: 
Your final submission will include three items: 
 Unsolved copy of proof  Completed copy of proof  Reflection 
 
The attached rubric will be used to score your project. Please review each of the sections on 
the rubric and make sure that you include everything necessary to receive full credit. Note, the last 
section on the rubric is a classmate evaluation. Another student will complete your proof and 
evaluate it based on the last row of the rubric. Since two students will complete the proof created 
by you and your partner, the two scores provided will be averaged for the score in that row of the 
rubric. 
This project will be due on ____________________________________________________________. Very little 
class time will be given for work on this project, so please plan accordingly. 
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Name: _______________________________________________ Name: ____________________________________________ 
__________________________________________________________________________________________________________________ 
Diagram: 
 
 
 
 
 
 
 
 
 
 
 
Given: 
 
______________________________________________________ 
 
______________________________________________________ 
 
______________________________________________________ 
 
______________________________________________________ 
 
Prove: 
 
______________________________________________________ Triangles: 
 
 
 
 
 
 
Statements Reasons 
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Name: _____________________________________________ Date: _________ Class: __________  Create Your Own Proof 
R
eq
u
ir
em
en
ts
 
6 4.5 3 1.5 0 
- Moderate to hard 
difficulty 
- 7 or more steps 
(not including 
repeated givens) 
- Includes all 
required 
components 
- 2-3 givens 
- Moderate difficulty 
- 6-7 steps (not 
including repeated 
givens) 
- Missing one 
required 
component 
- 3-4 givens 
- Average difficulty 
- 5-7 steps (not 
including repeated 
givens) 
- Missing two 
required 
components 
- 4 or more givens 
- Basic Difficulty 
- 5 or fewer steps 
(not including 
repeated givens) 
- Missing more than 
two required 
components 
- 5 or more givens 
- Basic Difficulty 
- Very few steps 
- No related 
steps/concepts 
- Missing 
required 
components 
- Too many 
givens 
- Incomplete 
proof 
C
o
rr
ec
tn
es
s 
an
d
 
C
o
m
p
le
te
n
es
s 
6 4.5 3 1.5 0 
- Includes required 
and well-labeled 
diagrams 
- Presents steps in 
logical order for flow 
of proof 
- Includes required 
and labeled 
diagrams 
- Presents steps 
mostly in logical 
order for flow of 
proof 
- Diagrams partly 
labeled 
- One required 
diagram missing 
- Order of steps not 
efficient for flow of 
proof 
- Diagrams mostly 
unlabeled 
- More than one 
required diagram 
missing 
- Order of steps not 
coherent for flow of 
proof 
- Diagrams 
unlabeled 
or missing 
- No order of 
steps for flow of 
proof 
P
re
se
n
ta
ti
o
n
 
6 4.5 3 1.5 0 
- Neat and organized 
appearance 
- All steps, 
justifications, and 
conclusions are 
correct and logical 
- No syntax errors 
- No unnecessary or 
missing steps 
- Mostly neat and 
organized  
- One step missing 
- One mistaken 
conclusions 
- One syntax error 
- Slightly 
disorganized  
- 2-3 steps missing 
- 2-3 incorrect 
conclusions 
- 2-3 syntax errors 
- Very disorganized  
- Many requires 
steps missing 
- Many incorrect 
conclusions 
- Many syntax 
errors 
- Completely 
disorganized  
- Proof 
completely 
incorrect or 
incomplete 
- Multiple 
syntax errors 
- Diagram 
unrelated to 
proof 
R
ef
le
ct
io
n
 
4 3 2 1 0 
- Shows thorough 
evidence of 
reflection 
- Reflects on 
difficulty, process 
- Includes excellent 
connection to life 
process 
- Writes with solid 
mechanics and 
grammar 
- Shows adequate 
evidence of 
reflection 
- Reflects on 
difficulty and 
process 
- Includes 
appropriate 
connection to life 
process 
- Writes with solid 
mechanics and 
grammar 
- Shows some 
evidence of 
reflection 
- Only reflects on 
difficulty or process 
- Includes weak 
connection to life 
process 
- Some grammatical 
and mechanical 
errors 
- Weak reflection 
- Missing difficulty 
and/or process 
reflection 
- Missing connection 
to life process 
- Many grammatical 
and mechanical 
errors 
- No reflection 
- No 
coherent/logical 
thought process 
in describing 
project 
- Very poor 
writing skills 
C
la
ss
m
at
e 
E
v
al
u
at
io
n
  3 2 1 0 
 - Meets 
requirements 
- Able to be 
completed with 
some difficulty 
- Most requirements 
met 
- Proof solvable but 
not very difficult 
- Some 
requirements met 
- Proof is very easy 
to solve 
- Most 
requirements 
not met 
-Proof is 
unsolvable or 
incomplete 
 
Score: ____________ /25 pts x 2 = _________________ / 50 pts 
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Validity 
 This curriculum project was reviewed by a veteran mathematics teacher familiar with 
teaching this content both prior to and during the Common Core era. Her vast experience with both 
geometry and engaging students made the feedback extremely valuable. This teacher has had 
personal experience with some materials included in this project, as the curriculum used to frame 
the unit and design these materials is the same curriculum from which she teaches each year 
(Upstate NY High School, 2014). 
 The veteran teacher and the author of this project discussed the effectiveness of these 
materials for the purpose of increasing engagement and opportunity to learn through collaboration, 
communication, and implementing authentic examples of proof. The veteran teacher surmised that 
the materials were effective in meeting these needs, frequently commenting on how much she 
“loved” each of the activities included. She stated that the global purpose of this unit, from her 
perspective, is “proof is all about explaining;” these materials support this goal. A summation of 
the comments and recommendations made by the veteran teacher upon review of these materials 
follows. 
Introductory Lesson 
This curriculum project was designed entirely independent of the existing curriculum 
which was used to frame the unit; the veteran teacher had no prior interaction with these activities 
and had not implemented this type of lesson with her students. Overall, she was very interested in 
the materials included in this curriculum project. She agreed with the use of the whole-part 
approach in the introduction lesson. While the veteran teacher had no prior interaction with these 
activities, she did state that she does something similar when she teaches this content. She felt that 
this allows students to see how these new concepts are going to be used going forward in the unit. 
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The veteran teacher was also a fan of the different examples of proofs in this lesson. 
Regarding both authentic examples of proof, she referred to them as “unique and effective.” She 
also enjoyed the use of the algebraic proofs; she felt this was a great way to show students that 
they have already completed proofs in mathematics but were merely unaware of this fact. She also 
felt that the examples reflected a variety of proof types (two-column, paragraph, informal) which 
allow students multiple representations of proof. She particularly liked the examples that provided 
the body of the proof both in paragraph form (with readable sentences that made some sense) and 
using mathematical syntax (which looks like a foreign language to many students). Her one 
criticism, however, was that she felt a need to reorder the examples, a sentiment echoed by the 
author upon review. She suggested first presenting the algebraic examples of proof, inviting 
students to make connections and observations related to these processes both in terms of algebra 
and in terms of logical proof solving. Following those mathematical examples, the two authentic 
examples should then be introduced, expanding the idea of proof outside the world of mathematics.  
Transitions & Scaffolding 
 The veteran teacher enjoyed the use of the transition activities to keep students engaged 
throughout the process of finding partners. She felt the use of only two diagrams on the first set of 
cards made the task for students more difficult than simply finding diagrams which match. Her 
favorite part was that these cards could be used repeatedly with any lesson in the unit to transition 
students into partners. She also liked how the number of cards and the material on the cards grew 
in quantity and difficulty when the same transition was used again later in the unit. 
 This teacher was also very impressed with the use of scaffolding in many of these activities. 
She uses an activity very similar to the jigsaw proof activity, making her very familiar with its use 
and effectiveness. She also liked how the additional proofs were scaffolded to allow students 
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opportunities at proof with different levels of difficulty. She also noted that the roles of student 
and teacher could be potentially reversed in this activity. Not only could the teacher have the power 
to choose the more appropriate proof for a student to complete, but students may also have the 
independence to choose a proof of their choice from the available options. 
Alternative Summative Assessment 
The veteran teacher also enjoyed the alternative summative assessment. She noted the lack 
of scaffolding in this assignment; however, she also pointed out the ease in which this activity 
could be scaffolded. Because of the number of required elements, scaffolding can easily be done 
by removing/adding/adjusting some requirements to create variety in the level of difficulty. The 
veteran teacher wishes she could use this project in her class, but time constraints don’t usually 
allow for this. She is considering, however, implementing this project in her accelerated classes 
where time is not of as much concern. The veteran teacher felt that students would be more 
interested with this assignment, as they have “the power of the teacher” 
both in terms of the responsibility of creating the proof and in evaluating the work of their 
classmates. 
RETHINKING PROOFS AND THE OPPORTUNITY TO LEARN 83 
 
Conclusion 
 This curriculum project was designed to find ways to increase engagement and the 
opportunity to learn with respect to proofs in high school geometry. It is important for educators 
to remember that these items are intended to be supplements to an existing unit on geometric 
proofs; it is suggested that teachers individually tailor these activities to meet the constraints of 
their schedules and needs of their students. 
 While some of the elements included within this curriculum project vary from the 
traditional examples of proof and methods of teaching such content, the goal of making the process 
more relatable through authentic examples and parallel situations was ultimately successful, as 
confirmed by the review from the veteran teacher. The gradual introduction of more theorems, 
definitions, postulates, and axioms is an excellent example of building upon prior knowledge 
through the part-whole approach. The transition activities allow for continuity within and across 
all lessons in the unit. The scaffolding used on assignments allows for materials to be tiered to 
meet the needs of learners of different styles and abilities. In addition, suggestions on how to 
further scaffold some of the activities were presented; teachers are encouraged to use these models 
to scaffold other content in this unit to allow all students ample opportunities to learn. 
 Connections to authentic situations with which students can truly relate can provide great 
benefits for students upon seeing the relevance of the content to their lives. Teachers of 
mathematics should be prepared to answer the all-too-common question from students: “When am 
I ever going to use this?!” Appropriate and applicable examples will help students succeed in 
mathematics. 
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Answer Keys 
 This section includes completed answer keys for each element of curriculum included in 
the curriculum section. 
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Examples of Non-Geometry Proofs
  
RETHINKING PROOFS AND THE OPPORTUNITY TO LEARN 86 
 
RETHINKING PROOFS AND THE OPPORTUNITY TO LEARN 87 
 
RETHINKING PROOFS AND THE OPPORTUNITY TO LEARN 88 
 
RETHINKING PROOFS AND THE OPPORTUNITY TO LEARN 89 
RETHINKING PROOFS AND THE OPPORTUNITY TO LEARN 90 
 
RETHINKING PROOFS AND THE OPPORTUNITY TO LEARN 91 
   
RETHINKING PROOFS AND THE OPPORTUNITY TO LEARN 92 
Scaffolded Proofs
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Proof Jigsaw 
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Review Game 
 
Given that        ∥       , which of the following statements/reasons can be 
reached using that idea? 
Δ        ⊥       , Definition of perpendicular 
◊  ∡    ≅ ∡   , Alternate Interior Angles are 
congruent 
○  ∡    ≅ ∡   , Vertical angles are 
congruent 
□         ≅       , Definition of parallel lines 
 
 
Given:        ⊥      .  Which is the following statement that logically follows this 
given? 
Δ ∡   , ∡    are right angles ◊  ∡  ≅ ∡  
○  ∡   , ∡    are right angles □  ∡    ≅ ∡    
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Which congruence theorem is needed to prove these two triangles 
congruent? 
Δ SSS ◊  AAS 
○ HL □  SAS 
 
 
 
If ∡1 ≅ ∡2 AND ∡2 ≅ ∡3, which statement/reason could follow? 
 
Δ ∡1 ≅ ∡3, Substitution Postulate 
◊  ∡1 ≅ ∡3, Alternate Interior Angles are 
congruent 
○ ∡1 ≅ ∡3, Reflexive Postulate □  ∡1 ≅ ∡3, All right angles are congruent 
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Which congruence theorem is needed to prove these two triangles 
congruent? 
Δ HL ◊ SSS 
○ AAS □  SAS 
 
 
Which congruence theorem is needed to prove these two triangles 
congruent? 
Δ SAS ◊ ASA 
○ AAS □  HL 
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Given: T is the midpoint of PS. A conclusion can be drawn using which 
reason? 
Δ Definition of midpoint ◊ Definition of segment bisector 
○ Definition of perpendicular □ Definition of angle bisector 
 
 
Which additional statement/reason is necessary to prove these two 
triangles congruent? 
Δ        ≅       , Reflexive Postulate ◊        ≅       , Def of midpoint 
○ ∡    ≅ ∡   , Def of angle bisector □        ≅       , Def of segment bisector 
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Given:        bisects       . A conclusion can be drawn using which reason? 
 
Δ Definition of midpoint ◊ Definition of segment bisector 
○ Definition of angle bisector □ Definition of perpendicular 
 
 
Which congruence theorem is needed to prove these two triangles 
congruent? 
Δ AAS ◊ ASA 
○ HL □  SAS 
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Given        ⊥        and        ⊥      , which is the first conclusion that can be made 
based on this idea? 
Δ ∡   , ∡    are right angles, Definition of 
perpendicular 
◊ ∡    ≅ ∡   , All right angles are 
congruent 
○        ∥       , Definition of parallel □         ≅       , Definition of perpendicular 
 
 
 
What is the reason to justify why ∡    ≅ ∡   ? 
 
Δ Alternate Interior Angles are congruent ◊ Vertical Angles are Congruent 
○ Definition of Angle Bisector □  Reflexive Postulate 
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Given this diagram, which conclusion CANNOT be drawn? 
 
Δ ∡  ≅ ∡  ◊ ∡ , ∡  are right angles 
○ G is the midpoint of       □         ⊥        and        ⊥       
 
 
Given:        bisects ∡   . Which is the statement that logically follows this 
given? 
Δ ∡  ≅ ∡  ◊ ∡  ≅ ∡  
○ ∡    ≅ ∡    □         ≅        
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Which congruence theorem is needed to prove these two triangles 
congruent? 
Δ SAS ◊ HL 
○ SSS □  AAS 
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Project Models 
 This section includes sample submissions for the alternative summative assessment. Three 
different exemplars are included; each contains a sample reflection and is graded using a completed 
rubric. These models vary in levels of mastery and are intended for both teachers and students to 
give both perspective on project expectations. 
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Sample A
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Sample A          Reflection 
Class           Date 
This project was very difficult. We had a hard time trying to get all of the required pieces 
included without using too many givens. Many times we went back and tried to change some of 
the givens so that we could do other things that let us use the theorems that we wanted. We 
ended up using more elements than were required in order to increase the length. We decided to 
leave the prove statement to be something that we would choose when the proof was reaching 
the required length. We also went back to find that prove piece another way. We realized we 
could have used vertical angles and made triangles ABC and EDC congruent by ASA, and then 
the sides congruence by CPCTC. However, that would have shortened the proof by three steps 
and not met the length requirement. We also would have had to redraw the separate triangles 
because we would have used another pair of congruent triangles to reach the prove statement this 
way. 
 Another real-world connection that we made to this process is making a sandwich. We 
would first need to put the mayonnaise on the bread because the bread needs to soak up the 
condiment. Then we would add the cheese, meat, and other items in a particular order based on 
our personal preferences. Both of us discovered that our order of items was not the same. This 
has shown us that we can all have different ways and reasons for doing the same things. This 
concept was something that we had never made thought about before. It was very interesting to 
discover that we really already kind of completed proofs when solving equations but never had 
been told that. It also led us to wonder what other possible situations can be represented by this 
process. 
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Sample B 
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Sample B          Reflection 
Class           Date 
This project was hard. We had to keep going back and changing things in order to make it 
make sense. It was hard to use the right amount of things that were required because we didn’t 
have enough pieces to use. We had to restart a few times with a different diagram and different 
givens. When we finally got it to work, we still weren’t sure if we got it right. 
We realized this is a lot harder than just solving a proof. You have to think harder and 
deeper about what comes next. We sometimes had to try working backwards to try and connect 
the whole proof. 
But we had fun at times trying to get the proof to work. It was frustrating but the 
challenge was good for us. 
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Sample C 
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Survey of Engagement 
 This section features the survey designed to be used to measure students’ engagement. 
This survey is intended to be delivered at the end of the introductory lesson and again after the 
completion of the unit test. 
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Name _______________________________ Pre-Survey - Proofs  Class _____  
 
 Strongly 
D
isagree 
D
isagree 
N
ot S
u
re 
A
gree 
S
trongly 
A
gree 
1) I like writing geometric proofs. 1 2 3 4 5 
2) I think writing a proof is easy. 1 2 3 4 5 
3) I like writing proofs because they 
are challenging. 
1 2 3 4 5 
4) I believe that everyone can be good 
at proofs if they try hard. 
1 2 3 4 5 
5) I think geometric proofs help me 
think about geometry in different 
ways. 
1 2 3 4 5 
6) I know I can be successful in math 
if I want to be. 
1 2 3 4 5 
7) I would like to learn more about 
how to write geometric proofs. 
1 2 3 4 5 
8) I think it would be useful to see 
different ways of doing the geometric 
proofs. 
1 2 3 4 5 
9) I am confident in my own ability to 
write geometric proofs. 
1 2 3 4 5 
10) I would feel confident enough to 
teach another student how to do 
geometric proofs. 
1 2 3 4 5 
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Name _______________________________ Post-Survey - Proofs  Class _____  
 
 Strongly 
D
isagree 
D
isagree 
N
ot S
u
re 
A
gree 
S
trongly 
A
gree 
1) I like writing geometric proofs. 1 2 3 4 5 
2) I think writing a proof is easy. 1 2 3 4 5 
3) I like writing proofs because they 
are challenging. 
1 2 3 4 5 
4) I believe that everyone can be good 
at proofs if they try hard. 
1 2 3 4 5 
5) I think geometric proofs help me 
think about geometry in different 
ways. 
1 2 3 4 5 
6) I know I can be successful in math 
if I want to be. 
1 2 3 4 5 
7) I would like to learn more about 
how to write geometric proofs. 
1 2 3 4 5 
8) I think it would be useful to see 
different ways of doing the geometric 
proofs. 
1 2 3 4 5 
9) I am confident in my own ability to 
write geometric proofs. 
1 2 3 4 5 
10) I would feel confident enough to 
teach another student how to do 
geometric proofs. 
1 2 3 4 5 
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